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Recurrence Relations and Induction
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Write down the first several elements of this sequence:
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The polynomials 
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 occur in various situations.  For example, consider the fractions
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These continued fractions provide a useful tool for solving various problems involving the approximation of numbers and functions (Chebyshev studied continued fractions as well).

Performing various manipulations, we obtain
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We notice that the numerators and denominators of these fractions are just polynomials 
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Here is another example.  Consider the function 
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 and try to represent it in terms of 
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 and a polynomial in 
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It turns out that 
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These relations can be readily obtained by induction and formula (1)

.  Indeed,
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Therefore, if we assume that, for a certain n,
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a similar relation for 
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 can be easily obtained from (1)

:
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Similar manipulations can be carried out for sines.  If we assume that for 
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it follows from (1)

 that 
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Here we used the identity 
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Notice that we carried out the inductive step from 
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  In most proofs, the inductive step is made from 
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  Because of our unusual “double step,” we must in this case verify the first two identities 
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Exercises

1. Prove by induction using the recurrence relation 
(1)

 that the following identity holds for  GOTOBUTTON ZEqnNum713981  \* MERGEFORMAT 
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2. Consider a sequence of polynomials 
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 satisfying equation 
(1)

 and the initial conditions  GOTOBUTTON ZEqnNum899756  \* MERGEFORMAT   Write down the first six polynomials 
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  Prove the following identities:

(a)  
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